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This paper investigates the optimization approach to generate waypoints for the Mars landing problem in the
context of employing the zero-effort-miss/zero-effort-velocity feedback guidance algorithm. For a power-limited
engine, the waypoint optimization problem in the presence of state constraints is converted to an equivalent standard
quadratic programming problem, which can be solved efficiently. In the case with a thrust-limited engine, by
introducing a continuously differentiable function to approximate the standard saturation function, the optimal
waypoint can be determined using open-source optimization software. This novel idea exploits parameter
optimization techniques for feedback control implementation, thus, it can combine the advantages of open-loop and
closed-loop methods to achieve near-optimal performance with acceptable robustness, while meeting various
practical constraints and requirements.

I. Introduction

T HE Mars pinpoint landing problem continues to be an active
area of research. A considerable amount of effort has been

devoted to it, with many new issues being investigated. The general
Mars entry, descent, and landing (EDL) mission is divided into four
phases: the hypersonic entry phase, the subsonic parachute entry
phase, the propulsive terminal descent (or powered descent) phase,
and the touchdownphase [1,2]. Due to the difficulty of accounting for
accumulated uncertainties from the first two phases, past landing
missions, including the Viking series (launched in 1975), Mars
Pathfinder (1996), andMars Exploration Rover (2003), focused only
on a safe landing. Landing accuracies larger than 10 km were
acceptable for these missions. Even the recent Phoenix lander (2007)
used a gravity turn descent, because precision landing is not required
[3]. The Mars Science Laboratory (launched on 26 November 2011)
is expected to use a precision EDL system to reach a more
scientifically interesting area with hazardous terrain nearby and to
demonstrate advanced landing capabilities.
Açikmeşe and Ploen presented an offline convex optimization

approach for fuel-optimal Mars pinpoint landing [4]. This approach
takes many complex constraints into account, especially the
nonconvex lower bound on thruster levels. The approach was
extended to a minimum landing error problem for the case where no
feasible pinpoint landing trajectories exist [5]. These approaches,
however, are not robust against disturbances, and require precise
mathematical modeling. Their open-loop natures make them
inapplicable for autonomous onboard implementation, given the
wide range of potential initial conditions and the short propulsive
terminal descent phase.
Ebrahimi et al. proposed a robust optimal sliding mode guidance

law for an exoatmospheric interceptor, using fixed-interval
propulsive maneuvers [6]. In this paper, gravity was considered to
be a pure function of time. One major contribution of Ebrahimi et al.

was the new concept of the zero-effort-velocity (ZEV) error,
analogous to the well-known zero-effort-miss (ZEM) distance.
The ZEV is the velocity error at the end of the mission if no further
control accelerations are imparted. Furfaro et al. later employed the
ZEM/ZEV concept to construct two classes of nonlinear guidance
algorithms for a lunar precision landing mission [7]. The perfor-
mance of the ZEM/ZEValgorithm for an asteroid intercept mission
with precision targeting requirements was evaluated by Hawkins
et al. [8], and compared with the performances of classical missile
guidance methods like proportional navigation guidance (PNG)
and augmented PNG. Reference [9] showed that in a uniform
gravitational field, the ZEM/ZEV algorithm is equivalent to well-
known classical optimal feedback controllers for problems such as
intercept or rendezvous [10], terminal guidance [11], and planetary
landing [12,13].
All of the optimal feedback guidance algorithms just discussed are

concerned only with the specified boundary conditions. For theMars
landing problem, this is not sufficient. For example, the basic ZEM/
ZEV algorithm does not ensure that a lander will stay above the
surface of Mars for the duration of the mission. The ZEM/ZEV
algorithm, then,must be adapted to avoid collisionwith the surface of
Mars, or other constraints.
Steinfeldt et al. describe a method of adjusting the flight time to

meet constraints on control magnitude and altitude [13]. Changing
only the flight time, however, is of limited utility when dealing with
landing mission constraints. Control saturation limits can be
alleviated by increasing the mission time, so that the same total
amount of control effort can be distributed over a longer period.
Collision avoidance, especially avoiding collision with the surface,
can usually be achieved by reducing the mission time, driving the
lander closer to a “straight shot” trajectory. These contradictory
demands cannot both be satisfied by changing themission flight time.
In general, aMars lander should be able to predict its trajectory and

evaluate the possibility of impact during the flight. If a hazard is
detected, effective measures can be taken. Guo et al. [9] include an
exploratory study of waypoint guidance, choosing a waypoint as an
intermediate target to meet mission constraints. Near-optimal
performance can be achieved with only one waypoint. In this study,
however, the waypoint was chosen by trial and error, and a more
rigorous, autonomous method is needed. The waypoint method is
also studied by Sharma et al. [14] as a means to solve nonlinear
optimal control problems with terminal constraints.
In the last decade pseudospectral optimization methods have been

used for a variety of optimal control applications [15–17]. NASA’s
Transition Region and Corona Explorer spacecraft successfully
flight-tested time-optimal slews in the presence of various con-
straints, ushering in a new era of employing optimization techniques
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for advanced spacemissions [18].Anumber of optimization software
packages are now on the market, including SNOPT, DIDO,
TOMLAB [19], and others. General Pseudospectral Optimal Control
Software (GPOPS) is one of the most versatile open-source multi-
phase optimizers using pseudospectral methods and is used in this
paper. Its latest version offers a mesh refinement algorithm to
accurately distribute collocation points [20]. This paper beginswith a
brief summary of optimal ZEM/ZEV algorithms. Key results are
given, including a method for determining time-to-go. Two types of
spacecraft engine are considered. First is a power-limited engine. The
total flight time is divided into two parts, with the acceleration
assumed to be a linear function of time in each segment. The state
constraint is considered as an inequality constraint, and the waypoint
optimization problem becomes a standard quadratic programming
problem. Although the power-limited engine may be impractical to
be employed for Mars landing, it is used here to illustrate the
applicability of the ZEM/ZEVmethod for different thruster systems,
but not necessarily as a practical mission example. For the thrust-
limited engine, GPOPS is used to determine optimal waypoints.
GPOPS is suitable for constraining the control commands to be a
function the current and terminal states. To improve the efficiency
and accuracy of the optimization, a continuously differentiable
function is developed that approaches the classical saturation
function, so that analytical derivatives can be passed to GPOPS. The
novelty of this waypoint research lies in the combination of the
optimal properties of the optimization approach and the robustness of
ZEM/ZEV feedback control. Numerical simulations confirm the
effectiveness of this approach.

II. Equations of Motion
Neglecting aerodynamic drag, the trajectory equations of

motion during the powered descent phase for a Mars lander are
described by

_r ! v (1)

_v ! g" a (2)

a ! T
m

(3)

where r and v are the position and velocity vectors, a is the control
acceleration provided by the thrusters,T is the thrusting force vector,
m is the spacecraft mass, and g is the gravitational acceleration vector
acting on the vehicle. During the powered descent phase, g is
considered to be constant. These vectors are 3 × 1 column vectors
expressed in a nonrotating inertial reference frame with its origin at
the landing site of Mars.
Themagnitude of the thrusting forceT is modeled as the two-norm

of a vector T as

T ! jTj ! − _mc (4)

where _m is the negative mass flow rate, and c ! Ispg0 is the engine
exhaust velocity.

A. Optimal Feedback Guidance Algorithms

Consider a classical optimization problem with the following
performance index:

J ! 1

2

Z
tf

t0

aTa dt (5)

subject to Eqs. (1) through (4) and the following boundary
conditions:

r#t0$ ! r0 ! % x0 y0 z0 &T; r#tf$ ! rf ! % xf yf zf &T

v#t0$ ! v0 ! % _x0 _y0 _z0 &T; v#tf$ ! vf ! % _xf _yf _zf &T

(6)

The Hamiltonian function is defined as

H ! 1

2
aTa" pTr v" pTv #g" a$ (7)

where pr and pv are the costate vectors associated with the position
and velocity vectors, respectively.
From the costate equations, the optimal control solution can be

expressed as a linear combination of the terminal value of costate
vectors as

a ! −tgopr#tf$ − pv#tf$ (8)

where the time-to-go tgo is defined as: tgo ! tf − t.
By substituting this expression into the dynamic equations and

solving for pr#tf$ and pv#tf$, the optimal control law with the
specified rf, vf, and tf is obtained as

a ! 6%rf − #r" tgov$&
t2go

−
2#vf − v$
tgo

− g (9)

The ZEM distance and ZEVerror denote the differences between the
desired final position and velocity and the projected final position and
velocity if no additional control is commanded after the current time.
For the assumed constant gravitational acceleration, the ZEM and
ZEV have the following expressions [6–9]:

ZEM ! rf −
!
r" tgov"

1

2
t2gog

"
(10)

ZEV ! vf − #v" tgog$ (11)

Using these expressions, Eq. (9) can be rewritten as

a ! 6

t2go
ZEM −

2

tgo
ZEV (12)

For theMars soft landing problem, the landing site is typically chosen
as the origin of the reference frame, and therefore rf ! 0, vf ! 0, the
optimal guidance law has the well-known simple form [1,12]:

a ! −
6r
t2go

−
4v
tgo

− g (13)

B. Determination of Time-to-Go

The optimal mission time-to-go can be determined as the
minimum real positive solution of the following equation [9]:

gTgt4go − 4#vTv" vTfv" vTfvf$t2go
" 24#rf − r$T#v" vf$tgo − 36#rf − r$T#rf − r$ ! 0 (14)

Equation (14) can be simplified for theMars soft landing problemdue
to the simple terminal state requirements, as follows:

gTgt4go − 4vTvt2go − 24rTvtgo − 36rTr ! 0 (15)

The altitude component of the vehicle’s position can thus be
expressed as
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y#t$ ! −
#tf − t$3

6
pry "

#tf − t$2
2

#g − pvy$ (16)

where y is the altitude of the vehicle, g is the gravitational
acceleration, and pry and pvy are the components of the costate
vectors along the altitude direction, given by

pry !
6_y0
t2f
" 12y0

t3f
(17)

pvy ! −
2 _y0
tf

−
6y0
t2f
" g (18)

The upper limit on flight time, which ensures a positive altitude in the
time period #0; tf$, can be found by analyzing the distribution of the
roots of Eq. (16), which gives

tmax ! −
3y0
_y0

(19)

If the optimal tf obtained from Eq. (15) exceeds the upper limit tmax

from Eq. (19), the lander will collide with Mars’s surface before the
scheduled landing at tf. When a collision is predicted, the final time
can be adjusted to tmax to complete the landing mission without
collision, at the expense of a higher performance index value.
When there is a constraint on either the control force or the control

acceleration, adjusting the flight time is usually not sufficient. To
overcome this defect, the waypoint-optimized ZEM/ZEV feedback
scheme is proposed in the next section.

III. Waypoint Optimization for Power-Limited Engine
For a power-limited (or variable specific impulse) engine, the

power for a given thrust T is expressed as [21–23]

P ! −
1

2
_mc2 ! 1

2
cT ! −

1

2

m2

_m
jaj2 ≤ Pmax (20)

where Pmax is the maximum power available from the engine.
The performance index can be expressed in terms of the final mass

of the spacecraft by integrating Eq. (20) as follows:

J ! 1

2

Z
tf

t0

jaj2 dt ≤ −Pmax

Z
tf

t0

_m

m2
dt ! Pmax

mf
−
Pmax

m0

(21)

Equation (20) shows that, for a given acceleration command a and
current mass m, a larger power P results in a smaller mass
consumption rate j _mj. If the thruster always operates at Pmax, all of
the terms in Eq. (21) are equal, and minimizing J is equivalent to
maximizing the final mass of the spacecraft mf. The ZEM/ZEV
algorithm discussed in this paper is thus optimal in terms of mass
consumption.
The ZEM/ZEV feedback guidance command for constant

gravitational acceleration is a linear function of time. By dividing the
mission time into two parts, from the beginning to the waypoint time
tm, and from the waypoint time to the end, the optimal accelerations
can be expressed as

a !
# #t − t0$α1 " β1 − g t ∈ #t0; tm$
#tf − t$α2 " β2 − g t ∈ #tm; tf$ (22)

where α1, α2, β1, and β2 are constant vectors to be found.
Substituting Eq. (22) into the equations of motion, the waypoint

velocity and position can be found from successive integrations from
t0 to tm as

vm !
1

2
t21α1 " t1β1 " v0 (23)

rm !
1

6
t31α1 "

1

2
t21β1 " v0t1 " r0 (24)

where time duration of the segment is defined as t1 ! tm − t0.
The waypoint velocity and position can be found similarly for the

second segment as

vm ! −
1

2
t22α2 − t2β2 " vf (25)

rm !
1

6
t32α2 "

1

2
t22β2 − vft2 " rf (26)

where t2 ! tf − tm.
Combining Eqs. (23–26) leads to the following boundary

conditions:

vf − v0 !
1

2
t21α1 "

1

2
t22α2 " t1β1 " t2β2 (27)

v0t1 " vft2 − rf " r0 ! −
1

6
t31α1 "

1

6
t32α2 −

1

2
t21β1 "

1

2
t22β2 (28)

The performance index, defined as Eq. (5), can now be expressed in
terms of the unknown parameters α1, α2, β1, and β2 as

J ! 1

2

Z
tf

t0

aTa dt ! 1

2

Z
tm

t0

aTa dt" 1

2

Z
tf

tm

aTa dt

! 1

2

#
1
3 α

T
1α1t

3
1 " αT1 #β1 − g$t21 " 1

3 α
T
2α2t

3
2 " αT2 #β2 − g$t22

"#β1 − g$T#β1 − g$t1 " #β2 − g$T#β2 − g$t2

$

(29)

Define x ! %αT1 αT2 βT1 βT2 &T as the vector of to-be-determined
constants. Thewaypoint optimization problem can now be described
as a standard quadratic programming problem, where the goal is to
determine a vector x, which minimizes the following function:

J ! 1

2
xTHx" cTx (30)

where

H !

2
6664

1
3 t

3
1I3 03

1
2 t

2
1I3 03

03
1
3 t

3
2I3 03

1
2 t

2
2I3

1
2 t

2
1I3 03

1
2 t

2
1I3 03

03
1
2 t

2
2I3 03 t2I3

3
7775; c ! −

2
6664

1
2 t

2
1g

1
2 t

2
2g
t1g
t2g

3
7775

subject to one or more constraints of the form

Aeqx ! beq (31)

Aineqx ≤ bineq (32)

where I3 is the 3 × 3 identity matrix, and 03 is the 3 × 3 zero matrix.
The boundary condition given by Eqs. (27) and (28) is an equality

constraint, which can be cast in the standard form of Eq. (31) as

Aeq !
%

1
2 t

2
1I3

1
2 t

2
2I3 t1I3 t2I3

− 1
6 t

3
1I3

1
6 t

3
2I3 − 1

2 t
2
1I3

1
2 t

2
2I3

&
;

beq !
%

vf − v0
v0t1 " vft2 − rf " r0

&

Altitude constraints, such as the no-subsurface flight constraint, or a
glide-slope constraint, are inequality constraints. For brevity, in this
example we look in detail at only the no-subsurface flight constraint.
Other inequality constraints can be handled similarly.
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Let us divide the two mission segments into N1 and N2 equal
intervals, respectively. Let ai ! #i · t1$∕N1, (i ! 1; 2; : : : ; N1)
denote the duration of each interval in the first mission segment, and
(bi ! #tf − j · t2$∕N2, (j ! 1; 2; : : : ; N2 − 1) denote the duration
of each interval in the second mission segment. The no-subsurface
flight constraint is thus described by:

2
4
0
1
0

3
5
T!

1

6
a3i α1 "

1

2
a2i β1 " aiv0 " r0

"
≥ 0 i ! 1; 2; : : : ; N1

(33)

2
664

0

1

0

3
775

T!
1

6
b3jα2 "

1

2
b2jβ2 − bjvf " rf

"
≥ 0

j ! 1; 2; : : : ; N2 − 1 (34)

Equations (33) and (34) describe a total of N1 " N2 − 1 inequality
constraints. These constraints can be cast in the standard form of
Eq. (32) as

Aineq ! −

2
666666664

0 1
6 a

3
1 0 0 0 0 0 1

2 a
2
1 0 0 0 0

..

. ..
. ..

. ..
. ..

. ..
. ..

. ..
. ..

. ..
. ..

. ..
.

0 1
6 a

3
N1

0 0 0 0 0 1
2 a

2
N1

0 0 0 0

0 0 0 0 1
6 b

3
1 0 0 0 0 0 1

2 b
2
1 0

..

. ..
. ..

. ..
. ..

. ..
. ..

. ..
. ..

. ..
. ..

. ..
.

0 0 0 0 1
6 b

3
N2−1 0 0 0 0 0 1

2 b
2
N2−1 0

3
777777775

#N1"N2−1$×12

bineq ! % y0 " a1 _y0 · · · y0 " aN1 _y0 yf − _yfb1 : : : yf − _yfbN2−1 &T#N1"N2−1$×1

The minimum altitude constraints, as well as glide slope constraint,
etc., can similarly be expressed in the form of Eq. (32). Details are
omitted here.
A number of commercially available programs can solve this

quadratic programming problem. Once the minimizing vector x is
found, the waypoint velocity and position can be found from either
Eqs. (23) and (24), or Eqs. (25) and (26). This approach can be
extended to include multiple waypoints, with each additional
waypoint increasing the size of the unknown vector.

IV. Waypoint Optimization for Thrust-Limited Engine
For a spacecraft equipped with a thrust-limited engine, the engine

exhaust velocity is fixed at a constant value. The thrust magnitude is
constrained as

0 ≤ T ≤ Tmax (35)

where Tmax is the maximum available thrust.
Considering control saturation, the ZEM/ZEValgorithm given by

Eq. (12) becomes

a ! sat
Tmax∕m

!
6

t2go
ZEM −

2

tgo
ZEV

"
(36)

where the normalized saturation function of a vector q is defined as

sat
U
#q$ !

#
q if jqj ≤ U
q U
jqj if jqjU (37)

The normalized saturation function, given by Eq. (37), is non-
differentiable at the critical saturation points. Typical optimization

packages, such as GPOPS, can make use of analytical partial
derivatives of the constraints with respect to the states and controls.
Supplying these derivatives can greatly improve the computational
efficiency and accuracy of the optimization problem. The following
continuously differentiable function approximates the saturation
function:

sat
U
#q$ !

8
>><
>>:

q if U
jqj > nU

Φ#q; U$ · q if U
jqj ∈ %nL; nU&

U
jqj · q if U

jqj < nL

(38)

where the function Φ is a second-order spline function whose
coefficients depend on the endpoints of the interval. The modified
saturation function becomes the normalized saturation functionwhen
the interval (nL, nU) shrinks to zero. For this study, the interval is
chosen as (0.9, 1.1). Then we have

Φ#q; U$ ! −2.5
!
U

jqj

"
2

" 5.5
U

jqj − 2.025 (39)

∂sat
U
#q$

∂q
!

8
>>>>>><
>>>>>>:

I3 if U
jqj > 1.1

Φ#q;U$ · I3" U
jqj

!
5 U
jqj− 5.5

"
· qq

T

jqj2 if U
jqj ∈ %0.9;1.1&

U
jqj

!
I3 − qqT

jqj2

"
if U
jqj < 0.9

(40)

where the continuity of Eq. (40) can be easily verified.
The waypoint optimization problem for a thrust-limited engine

becomes:
Determine the optimal waypoint (rm and vm) to connect the

following two phases:

Phase 1#t0 ≤ t ≤ tm$
# r#t0$ ! r0; r#tm$ ! rm ! free

v#t0$ ! v0; v#tm$ ! vm ! free

Phase 2#tm ≤ t ≤ tf$
# r#tm$ ! rm ! free; r#tf$ ! rf

v#tm$ ! vm ! free; v#tf$ ! vf
(41)

where each phase is governed by Eqs. (1–4), and the acceleration
command is assumed to have the following form:

Phase 1#t0 ≤ t ≤ tm$ a ! sat
Tmax∕m

#ac1$

Phase 2#tm ≤ t ≤ tf$ a ! sat
Tmax∕m

#ac2$ (42)

where
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ac1 !
6#rm − r$
#tm − t$2 −

2vm " 4v
tm − t

− g ac2 ! −
6r

#tf − t$2
−

4v
tf − t

− g

and the following path constraints are satisfied during the two phases

Phase 1#t0 ≤ t ≤ tm$ σc1 ≡ a − sat
Tmax∕m

#ac1$

Phase 2#tm ≤ t ≤ tf$ σc2 ≡ a − sat
Tmax∕m

#ac2$ (43)

where the path constraints,σc1 and σc2, must be zero during the entire
phase.
The derivatives of the dynamic equations and the cost function are

straightforward to find. Note that the path constraints in the two
phases are the same. The partial derivatives of the path constraints
will be given for phase 1. The partial derivatives for phase 2 proceed
similarly.

∂σc1
∂a
! I3 (44)

∂σc1
∂r
! −

∂ sat
Tmax∕m

#a1$

∂a1
·
∂a1
∂r
!

∂ sat
Tmax∕m

#a1$

∂a1
·

6

#tm − t$2 I3 (45)

∂σc1
∂rm
! −

∂ sat
Tmax∕m

#a1$

∂a1
·
∂a1
∂rm
!

∂ sat
Tmax∕m

#a1$

∂a1
·

−6
#tm − t$2 I3 (46)

∂σc1
∂v
! −

∂ sat
Tmax∕m

#a1$

∂a1
·
∂a1
∂v
!

∂ sat
Tmax∕m

#a1$

∂a1
·

4

tm − t
I3 (47)

∂σc1
∂vm
! −

∂ sat
Tmax∕m

#a1$

∂a1
·
∂a1
∂vm
!

∂ sat
Tmax∕m

#a1$

∂a1
·

2

tm − t
I3 (48)

∂σc1
∂t
! −

∂ sat
Tmax∕m

#a1$

∂a1
·
∂a1
∂t

! −
∂ sat
Tmax∕m

#a1$

∂a1
·
!
12#rm − r$
#tm − t$3 −

2vm " 4v
#tm − t$2

"
(49)

∂σc1
∂tm
! −

∂ sat
Tmax∕m

#a1$

∂a1
·
∂a1
∂tm

! −
∂ sat
Tmax∕m

#a1$

∂a1
·
!
−
12#rm − r$
#tm − t$3 "

2vm " 4v
#tm − t$2

"
(50)

The partial derivative of the path constraint with respect to mass can
be obtained by referring to Eq. (40). It is omitted here due to the
lengthiness of the expression.
More waypoints can be obtained by considering more phases in

GPOPS, and increasing the number of waypoints would improve the
optimality and decrease the difference with the open-loop optimal
solution, but more processing time would be required.

V. Waypoint-Optimized Zero-Effort-Miss/
Zero-Effort-Velocity Scheme

The complete procedure for conducting a Mars pinpoint landing
mission using the waypoint-optimized ZEM/ZEV feedback control
scheme is proposed as follows:
1) At the end of the subsonic parachute entry phase, determine a

suitable landing site.

2) Using the position and velocity of the lander, solve Eq. (15) to
obtain the optimal flight time tf.
3) For a power-limited engine, tf is the optimal flight time, which

minimizes both J and Δm. Numerically propagate the dynamic
system with the ZEM/ZEV algorithm to generate the optimal
trajectory.
For a thrust-limited engine, tf can be considered a reference time. A
line search can be implemented to determine the optimal tf for either
J or Δm.
4) If any part of the optimal trajectory violates an altitude

constraint, go to step 5. Otherwise, go to step 6.
5) Use the optimization approach discussed in this paper to

determine a waypoint to satisfy the altitude constraint. Consider the
optimized waypoint as an intermediate target, using the ZEV/ZEM
algorithm to reach this waypoint.
6) Finally, use the ZEM/ZEV algorithm to land the vehicle at the

designated landing site.
The waypoint optimization step 5 requires a certain amount of

computational time if tm and/or tf is free. Because this guidance
scheme is intended for real-time use, it is not advisable to leave the
times as completely free parameters. The process can be made much
more efficient if both of them are restricted to narrower ranges. The
major challenge in a practical mission is how to quickly find these
times for step 5. Based on our experiences with a wide variety of
numerical simulations, a reasonablemethod is to simply use the same
tf found in step 3, and choosing the flight time corresponding to the
lowest altitude on the optimal trajectory for tm.
Even though there is no strict guarantee of optimality, this selection

has provided good performance in our simulations, close to the
performance with free waypoint and final times. In a practical
mission, the spacecraft is descending after the end of the parachute
entry phase, so a quick solution is desirable. The waypoint and final
times are easily found from previous steps, requiring minimal
computation.
Both offline and online waypoint optimization schemes have

potential for practical implementation. The conventional offline
optimal solution approach stores the entire profile onboard, and loses
optimality if the lander deviates from the intended path. Thewaypoint
method only requires a single point to be stored, and due to the
feedback nature of the ZEM/ZEV algorithm, it is robust against
disturbances. For online autonomous application, the vehicle is
controlled by the ZEM/ZEV algorithm with tf from step 3. If a
waypoint is needed, the ZEM/ZEV algorithm switches over to the
waypoint-optimized ZEM/ZEValgorithm.

VI. Numerical Simulation Examples
A Mars landing example of [4] was examined for both a power-

limited engine and a thrust-limited engine. In addition to the ZEM/
ZEV feedback guidance algorithms, open-loop optimal solutions
were generated with GPOPS for comparison. A spacecraft similar
to the one described in [4] is used with an initial mass of 1905 kg.
The initial conditions are given as r0 ! # 2; 1.5; 0 $ km, v0 !
# 100; −75; 0 $ m∕s. The landing site is at the origin
of the reference frame, and for a soft landing the final velocity is
zero. The final conditions are thus rf ! # 0; 0; 0 $ km, vf !
# 0; 0; 0 $ m∕s. The constant gravitational acceleration is
assumed as g ! # 0; −3.7114; 0 $ m∕s2. It is assumed that all
system states are available without any measurement error.

A. Mars Landing with Power-Limited Engine

The power-limited engine may not be available for an actual Mars
landing mission; however, it is considered here for a couple of
reasons. First, our main research interest is in planetary landing, so
this is a way to look at different engine dynamics within our
motivating example. Second, as described previously, fuel usage can
be directly minimized, unlike with the thrust-limited engine. This
happens when the engine operates at the maximum power level,
therefore, for these simulations the engine is assumed to always
operate at the maximum power level. The quadratic programming
problem for waypoint optimization is solved using the MATLAB
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quadprog function with default options. In all test cases the required
processing time is less than 0.1 s.
Figure 1 shows the optimal trajectories and corresponding fuel

usage histories for the standard ZEM/ZEV algorithm and for the
ZEM/ZEVwaypointmethodwith altitude constraints. From step 2 of
the landing procedure, the optimal tf is found to be 90.6 s. Checking
Eq. (19) reveals that the upper bound on flight time is 60 s. The solid-
line trajectory in Fig. 1 shows that the optimal trajectory for a 90.6 s
flight indeed violates the no-subsurface constraint. By adjusting the
tf to 60 s, theZEM/ZEValgorithmproduces the dotted-line trajectory
in Fig. 1, which does not violate the constraint. However, the mass
usage comparison in Fig. 1 shows that the mission with adjusted
flight time uses significantly more fuel.
Thewaypoint-optimized ZEM/ZEValgorithm can be employed to

improve the performance of the mission, while still satisfying the
altitude constraints. Following the suggestion for selecting proper
waypoint time and final time, the mission time tf is kept as 90.6 s.
From the simulation of the trajectory for the basic ZEM/ZEV
algorithm with a 90.6 s mission time, the time corresponding to the
minimum altitude is 54.1 s. This is chosen for the waypoint time tm.
Two types of altitude constraint are considered for the waypoint-

optimized ZEM/ZEVmethod. First is the simple no-subsurface flight

constraint, shown as the dash–dot line in Fig. 1. A slightly more
sophisticated constraint, keeping the glide slope above 4 deg, is
shown by the dashed line. Note that such a constraint automatically
satisfies the no-subsurface flight constraint. Figure 1 shows that the
fuel usage for both waypoint schemes is nearly identical to the basic
optimal ZEM/ZEValgorithm.
Figure 2 shows engine performance histories for the case with one

waypoint and a no-subsurface flight constraint, shown as the dash-
dot line in Fig. 1. The dotted line in this figure shows the power-
limited engine case; the thrust-limited case will be discussed later.
The optimal constant power level can be seen, as well as gently
changing curves for control magnitude and mass consumption rate.
The changing exhaust velocity required for the power-limited engine
is also shown.
Thewaypoint-optimized ZEM/ZEV scheme is intended to be used

online, finding the optimal waypoint in real time for a range of
possible initial conditions. To demonstrate the applicability of the
method for different initial conditions, a range of initial conditions are
simulated. The initial velocity and altitude are held constant, while
the initial horizontal position ranges from −8 to 3 km. A 50 m
minimum altitude is imposed to avoid collision with surface hazards,
making the final position rf ! # 0; 50; 0 $ m. From here the

a) Vehicle trajectory b) Vehicle mass
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Fig. 1 Comparisons of various forms of the ZEM/ZEV algorithm (power-limited engine).
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Fig. 2 Engine performance histories for waypoint-optimized Mars landing.
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lander can descend straight down onto the landing site. Figure 3
shows the optimal trajectories for a variety of initial conditions. Three
different ZEM/ZEV methods are shown, as well as the open-loop
optimal solution. The four control schemes are:
1) ZEM/ZEV with Optimal tf (Fig. 3a): The standard ZEM/ZEV

algorithm is employed, using the calculated optimal time, with no
constraints. For many of the initial positions considered, the optimal
trajectory passes through the surface, even with the 50 m “cushion.”
2) ZEM/ZEV with Adjusted tf (Fig. 3b): The standard ZEM/ZEV

algorithm is again used, but the upper boundon flight time is enforced
for cases that would violate the no-subsurface flight constraint. All of
the trajectories for this case stay above the surface.
3) Waypoint-Optimized ZEM/ZEV (Fig. 3c): The quadratic

programming problem is solved to determine the optimal waypoint,
with tf and tm determined following the suggested procedure. The
waypoints for each trajectory are shown as asterisks. All trajectories
again stay above the surface. Other altitude constraints can be added
by modifying the inequality constraints.
4) Open-Loop Optimal (Fig. 3d): The optimal solution, found by

GPOPS, and satisfying the altitude constraint. These optimal
trajectories look nearly identical to the waypoint-optimized ZEM/
ZEV trajectories.
For some initial conditions, the basic ZEM/ZEValgorithm works

without violating the altitude constraint. For other cases, either the
mission time needs to be adjusted or a waypoint must be added. The
performance of the various control schemes must ultimately be
evaluated by comparing either the performance index J or the fuel
usage Δm. Figure 4 shows the performance of each of the four

algorithms in terms of J. The trends in Δm are similar and are not
shown here. The mission time tf is also shown. For initial conditions
with horizontal range approximately between −4.5 and 0.5 km, the
lander starts out “headed in the right direction,” and all four schemes
show almost identical performance. Outside of this range, the
effectiveness of the waypoint-optimized ZEM/ZEV algorithm is
apparent. For these cases, the scheme with adjusted tf uses
significantly more fuel than the optimal solution. ZEM/ZEV with
optimal tf performs nearly as well as the optimal solution, but for
these cases the no-subsurface flight condition is violated, resulting in
mission failure. The waypoint-optimized ZEM/ZEV algorithm
achieves near-optimal performancewhile satisfying the constraint. In
other words, for a variety of initial conditions, the proposedwaypoint
scheme achieves almost identical performance with the open-loop
optimal solution.

B. Mars Landing with Thrust-Limited Engine

Unlike for a power-limited engine, for a thrust-limited engine,
minimizing J is not equivalent to minimizing Δm. Furthermore, due
to the nonlinear constraint on control acceleration, the optimal flight
time found from step 2 does not guarantee an optimal J. Although the
proposed ZEM/ZEVapproach is not intended to be fuel-optimal, we
will consider fuel usage to be the performance measure of interest,
because it is of interest in any practical mission.
For the simulations shown, the spacecraft model is similar to that

discussed in [4]. The maximum control force from the thrusters is
assumed to be 16.753 kN, of which only 80% is available for control

a) ZEM/ZEV with optimal tf b) ZEM/ZEV with adjusted tf 
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Fig. 3 Vehicle trajectories using various methods (power-limited engine).
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(leaving a conservative margin). The engine exhaust velocity c is
fixed at 1.964 km∕s (1∕c ! 5.09 × 10−4 s∕m.
Equation (19), used to determine the upper bound of tf, does not

take into account saturation constraints. The method of adjusting tf
does not work well in general. Typically, tf is decreased to force a

“straight shot” and avoid violating the no-subsurface flight
constraint. However, fulfilling the same mission in less time usually
requires higher acceleration levels during the mission. Adjusting the
flight time downward to avoid collision thus results in control
saturation.

a) Performance index J (m2/s3)  b) Total flight time tf (s)  
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Fig. 4 Performance comparison of ZEM/ZEV and open-loop methods (power-limited engine).
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Fig. 5 Performance of ZEM/ZEV algorithm with various flights times (thrust-limited engine).
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Figure 5 shows vehicle trajectories and throttle level histories
for various mission times for the ZEM/ZEV algorithm and
corresponding minimum altitudes and fuel usage. When the flight
time is less than 67 s, the controls are saturated the entire time, and the
terminal requirements are not met. By increasing the flight time
above 67 s, the vehicle can successfully meet the terminal
requirements, but the no-subsurface constraint is violated. For all
times tested, the minimum altitude is below the surface. Fuel usage
increases with increasing flight time, but even setting aside concerns
on fuel usage, the landing mission cannot be accomplished solely by
adjusting tf.
Figure 6 shows a family of fuel-optimal solutions for a vehiclewith

a thrust-limited engine. For these initial conditions, the initial
velocity and altitude are held constant, and the initial horizontal range
is varied. These results can be obtained either by directly using
TOMLAB optimization software, or by solving a second-order cone
problem using the SeDuMi software package [4]. GPOPS can also be
used to find these results, but for this particular problem GPOPS
requires more computational time. From the family of trajectories
shown, it is seen that when the landing site is ahead of the vehicle, the
fuel-optimal trajectories converge inside an envelope before landing.
When the landing site is behind the vehicle’s initial position, the
optimal trajectory turns around, then touches the surface, before
turning upward and finally landing. These trajectories also converge
on an envelope on the final approach.
The waypoint optimization scheme was examined for the case

where simply adjusting tf fails. From Fig. 5, it can be seen that the
optimal tf is 72 s. The corresponding time of minimum altitude is
47 s, chosen for tm. Figure 7 shows thevehicle trajectories and throttle
histories for the standard ZEM/ZEV algorithm, the ZEM/ZEV
waypoint method, and the open-loop optimal solution. By using

GPOPS to find an optimized waypoint, the ZEM/ZEV waypoint
method successfully completes the landingmission in the presence of
control saturation and a no-subsurface flight constraint. The fuel-
optimal throttle shows the classical bang-off-bang form, resulting in
fuel usage of 387.7 kg. The ZEM/ZEV waypoint algorithm uses
396.2 kg, only 2.2%more. Figure 2, previously shown, also provides
detailed engine performance histories for the casewith onewaypoint,
shown as a dotted line in Fig. 7. The piecewise nature of the control,
with a jump at the waypoint, is easily seen.
To demonstrate the effectiveness of the proposed ZEM/ZEV

waypoint strategy for a range of initial conditions, the initial position
was varied, as in the last section. The initial velocity and altitude are
held constant, while the initial horizontal position ranges from −8 to
3 km. A 50 m minimum altitude is imposed to avoid collision with
surface hazards, making the final position rf ! # 0; 50; 0 $ m.
From here the lander can descend straight down onto the landing site.
Figure 8 shows the optimal trajectories for a variety of initial
conditions. Two ZEM/ZEV methods are shown, as well as the open-
loop optimal solution. The three control schemes are:
1) ZEM/ZEV with Optimal tf to Minimize Δm (Fig. 8a): The

dynamic system is numerically propagated using the ZEM/ZEV
algorithm. A Newton iteration method is used to find the tf that
minimizes Δm. For initial horizontal ranges from −8 to −1 km
successfully complete the mission, while initial ranges larger than -1
km violate the no-subsurface flight constraint.
2) Waypoint-Optimized ZEM/ZEV (Fig. 8b): Fuel-optimal

waypoints are found using GPOPS. Analytical derivatives are
provided to GPOPS, using the differentiable saturation function in
Eq. (38). The waypoints are shown as asterisks. The mission can be
successfully carried out for all of the initial conditions shown.
3) Open-Loop Fuel-Optimal (Fig. 8c): The fuel-optimal results,

similar to those shown in Fig. 3d, are generated by using either
TOMLAB or SeDuMi.
The waypoint-optimized scheme results in trajectories that are

qualitatively similar overall to the open-loop optimal trajectories,
showing that adding one waypoint can change an infeasible ZEM/
ZEV mission to a nearly optimal one. Figure 9 shows the fuel used
and the total flight time for thevarious initial positions. The fuel usage
from the waypoint method tracks very closely to the optimal, with
slight variations at either extreme. The total mission times are also
very close, showing that the waypoint method does approximate the
open-loop optimal solution.
Based on the numerical tests shown here, the optimalwaypoint can

usually be found within 5 ∼ 15 s when tf and tm are fixed. When
those times are free, the optimization takes longer and depends on the
initial guess and range for each. Finding the optimal solution for a
broad range of times can take up to a couple of minutes. For this
reason, it is recommended that a fixed tf and tm are used.
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Fig. 6 Fuel-optimal vehicle trajectories (thrust-limited engine).
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Fig. 7 Comparison of ZEM/ZEV algorithm and fuel-optimal solution (thrust-limited engine).
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VII. Conclusions
This paper investigated the implementation of a zero-effort-miss/

zero-effort-velocity (ZEM/ZEV) feedback guidance scheme for
the powered descent phase of a Mars pinpoint landing mission.
Two types of engines, power-limited and thrust-limited, were
considered.

When a collision with the surface of Mars was predicted for the
standard ZEM/ZEValgorithm, an intermediate waypoint was chosen
using a numerical optimization program. The lander uses ZEM/ZEV
feedback guidance to reach the waypoint, then uses ZEM/ZEV
guidance to reach the landing site. For the power-limited engine,
the control acceleration is not directly constrained, and so only a

  
a) ZEM/ZEV with optimal tf to minimize ∆m  b) Waypoint-optimized ZEM/ZEV 
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Fig. 8 ZEM/ZEV and open-loop trajectories for minimizing Δm (thrust-limited engine).
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Fig. 9 Fuel-optimal solution and waypoint-optimized ZEM/ZEV (thrust-limited engine).
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minimum altitude constraint is considered. The waypoint optimiza-
tion problem can be formulated as a standard quadratic programming
problem. Several numerical optimization software packages can be
used to solve this problem.
For the thrust-limited engine, a nonlinear saturation constraint is

considered in addition to the no-subsurface flight constraint.
The General Pseudospectral Optimal Control Software (GPOPS)
package was used to find the optimal waypoint. A continuously
differentiable approximation to the standard saturation function is
introduced to provide analytical partial derivatives of various
constraints with respect to states and controls, and these derivatives
are passed to GPOPS to speed up the optimization process.
Numerical simulations for a few illustrative examples were

performed. The ZEM/ZEV algorithms described in this paper were
used, and the corresponding open-loop optimal solutions were found
for comparison. Results show that constraints cannot be consistently
satisfied solely by changing flight time. Instead, an optimized
waypoint is used as an intermediate target for the ZEM/ZEV scheme.
Comparison with the open-loop optimal solution shows that the
waypoint method achieves near-optimal performance, while main-
taining the desirable robustness properties of a feedback controller.
Thewaypoint-optimized ZEM/ZEV feedback guidance algorithm

is more suitable for autonomous implementation than any purely
open-loop method. The scheme requires only one waypoint to be
stored, and the feedback nature is robust to disturbances. A real
autonomous mission requires real-time computation of the optimal
waypoint, starting from a range of possible initial conditions. A
specialized optimizer for this problem is needed to ensure that the
waypoint can be found quickly. Developing such an optimizer is a
future research task.
Finally, the waypoint-optimized ZEM/ZEV algorithm is not

restricted to Mars landing. In its most general form, it can be
potentially apply to many other orbital maneuvering problems. A
further detailed study of the application of the generalized ZEM/ZEV
algorithm, both with and without a waypoint, can be found in [24].
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